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The vertex-critical graph conjecture (critical graph conjecture respectively) states that every 
vertex-critical (critical) graph has an odd number of vertices. In this note we prove that if G is a 
critical graph of even order, then G has at least three vertices of less-than-maximum valency. In 
addition, if G is a 3-critical multigraph of smallest even order, then G is simple and has no 
triangles. 
0. Intfoduction 
We follow the notation and terminology of [4]. In particular, multiple edges are 
allowed in multigraphs but not in graphs-by calling a graph simple we will stress 
the fact that it does not contain multiple edg es, while a proper multigraph has at 
least one multiple edge. The chromatic index of a graph G is denoted by x’(G). 
In [6] it is proved that if G is a multigraph with maximum valency p and 
maximum multiplicity I_C, then p s x’(G) s p + p. In particular, if G is a graph, 
then p s x’(G) s p + 1. A graph G with x’(G) = p is of class I and a graph G with 
x’(G) = p + 1 is of class 2. A connected graph G of class 2 is vertex-critical (critical 
respectively) if x’( G - U) < x’(G) for all 2) E V(G) (x’(G - e) < x’(G) for all e E 
E(G)). A graph G is p-vertex-critical (p-critical respectively) if G is vertex- 
critical (critical) and has maximum valency p. It has been conjectured by Beineke 
and Wilson in [3] (Jakobsen in [5] respectively) that every vertex-critical (critical) 
graph has an odd number of vertices. Evidence supporting the latter coujecture is 
to be found in [4]. 
Note that, since every critical graph is also vertex-critical, the vertex-critical 
graph conjecture implies the critical graph conjecture. Moreover, since every p- 
vertex-critical graph contains a spanning p-critical subgraph, the two conjectures 
are equivalent .
In this note we give some further results related to these conjectures. 
*The first author wishes to thank the University of South Africa whose hospitality he enjoyed 
during the preparation of this paper. 
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1. Properties of vertex-critical graphs 
Following [4], we define the total deficiency T(G) of a multigraph G with 
maximum valency Q by r(G) = C (p-p(u)), where the sum extends over all 
vertices 21 of G. 
Themem 1. Let G be a multigraph of even order with maximum vdency p and 
x’(G) = p + 1. If v is a vertex of G such that the total deficiency T(G) of G is at nmt 
2(p -g(v)), then x’(G - v) = x’(G). 
Proof. Let v E V(G) have the properties described above and suppose x’(G - 
v) < x’(G). Let H be the multigraph obtained from G as follows: If a vertex u of 
G - 71 has valency p(u) in G - v, then we join v and u in N with p - p(u) edges. 
Note that H has maximum valency 0 and, since G is a sub(multi)graph of I-I, 
x’( EI) 3 p t’- 1. Since H - v = G - v, it follows that 
Let vl, v2,. . . , uk be thl: vertices of H adjacent to v in H. Let c be a p-edge- 
colorrrirtg of H - v with colours C = { 1,2, . . . , p} and let C’i be the set of COPOUTS 
of edges incident with I.J,, 1 s i s k, in H- v. 
If nk= 1 Ci # $9, suppose 1 E Ci for all i, 1 G S k. Since every vertex of H- v i 
other ihan vi, 1 s i s k, has valency p, it follows that, with respect to the 
edge-colouring c, every vertex of H - v is incident with an edge coloured 1. These 
edges constitute a 1 -factor of H - v which contradicts the fact that H - v is of odd 
order. If, on the other hand, n F-;, Ci = $9, then U FE, (C - Ci) = C. Hence the 
C - Ci’s are pairwise disjoint and the p-edge-colouring c of H- u can be 
extended to a p-edge-colouring of H. This contradicts the fact that x’(H) 3 p + 1. 
It follows that x’(G -v) = x’(G). 
We now state three corollaries to Theorem 1 for vertex-critical graphs and 
remark that they are equally true for critical graphs. 
2. Let G be a p-vertex-critical gmph of even order with minimum 
vakncy a. Then the total deficiency T(G) of C; is at least 2(p - o + 1). 
roof. By Theorem 1, T(G) is at least 2p - 2~7 + 1. The result follows by rcmark- 
ing that 7(G) is an even number. 
The result of Corollary 2 has been stated in Theorem 3 of [2]. 
. Let G be a p-vertex-critical graph. of even order. Then G has at ieast 
thrrr’ vertices with valency less than p. 
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One could compare this result with Theorem 1.6 of [S]. 
Corollary 4. Let G be a regular p-talent connected multigraph of even order with 
x’(G) = p + 1. Then x’(G -v) = x’(G) f or every vertex v of G. In particular, G is not 
vertex-critical 
Note how Corollary 4 strengthens those parts of Theorem 1.2 of [5] and Theorem 
10.5 of [4] concerning graphs of even order. 
2. Properties of 3-critical multigraphs 
A result of Shannon (cf. [4, Theorem 5.51) states that x’(G) s [$p3 (where [x] 
denotes the integer part of X) for a multigraph G with maximum valency 
p-hence, for p = 3, we have 3 s x’(G) s 4 for a multigraph G with maximum 
valency 3. A connected multigraph G with maximum valency 3 is 3-vertex-critical 
(3-critical respectively) if x’(G) = 4 and x’( G - v) < x’(G) for all v E V(G) 
(x’(G -e) < x’(G) for all e E E(G)). 
In [5], Jakobsen Froved that there are no 3-critical multigraphs of even order 
n G 8 and that there are no 3-critical simple graphs of order 10; in [2], Beineke 
and Fiorini proved that there are no 3-critical simple graphs of order 12 and in 
[ 11, Andersen proved that there are no 3-critical simple graphs of order 14. From 
the next result follows an extension of these results to multigraphs. 
Proposition 5. If there is a 3-critical multigraph of order p > 3 with m > 0 multiple 
edges, then there is one of order p - 2 having m or m - i multiple edges. 
Proof. An immediate corollary to Lemma 2.1 of [5]. 
Corollary 6. If G is a 3-critical multigraph of smallest even order, then G is a 
simple graph. 
Co~llary 7. There are no 3-critical multigraphs of even order n s 14 and there are 
no 3-critical proper multigraphs of order 16. 
It follows from Lemma 2.2 of [5] that a 3-critical graph of smallest even order 
does not have a vertex of valency 2 contamed in a triangle. We conclude this 
section by proving that such a graph does not contain a triangle at all. 
A 3-critical graph of smallest even order does not contain a triangle. 
Let G be a 3-critical graph of even order containing a triangle A. If G has 
a veriex of valency 2 contained in A, then (by Lemma 2.2 of [5]) G * is not ia 
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3-critical graph of smallest even order. If this is not the case, let lY be the 
multigraph obtained from G by contracting A to a vertex 21. Clearly, I-I is of 
smaller even order than G and p(u) = 3. Since any 3-edge-colouring of h can be 
extended to a 3-edge-colouring of G, we have that x’(H) = 4. Also, for any edge e 
of G not contained in A, a 3-edge-colouring of G - e yields a 3-edge-colouring of 
H-e and hence W is 3-critical. It follows that there is a 3-critical graph of smaller 
even order than G. 
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